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The stability of steady, quasi-static slip at a planar interface between an anisotropic elastic solid and an isotropic elastic
solid is studied. The paper begins with an analysis of anti-plane sliding at an orthotropic/isotropic interface. Friction at the
interface is assumed to follow a rate- and state-dependent law. The stability to spatial perturbations of the form exp(ikx1),
where k is the wavenumber and x1 is the coordinate along which the interface is studied. An expression is derived for the
critical wavenumber jkjcr above which there is stability. In-plane sliding at an anisotropic/isotropic interface is subsequent-
ly studied. In this case, slip couples with normal stress changes and a constitutive law for dynamic normal stress changes is
adopted. Again a formula for jkjcr is derived and the results are specialized to the case of an orthotropic/isotropic interface.
Numerical plots of the dependence of jkjcr on the orientation of the orthotropic solid, as well as on the material parameters
are provided.
 2006 Elsevier Ltd. All rights reserved.
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The problem of instabilities in the frictional sliding of elastic solids has attracted much recent attention. The
simplest version of the problem is one wherein a rigid, massless block under a constant compressive normal
stress r0 is pulled along a frictional surface by applying a constant velocity V0 to one end of a spring of stiﬀ-
ness K attached to the block. Let d denote the slip displacement of the block and V denote the sliding velocity.
At steady state, V = V0 and the shear stress on the block is s = s0. Consider a slip perturbation from the steady
state in the form0020-7
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Early workers addressed whether steady sliding is stable, i.e., V! V0, when simple forms are assumed for the
frictional stress s. It is easily shown that if s is purely rate-dependent, s = s(V), steady sliding is stable if the
surface is velocity strengthening, os/oV > 0, and unstable if the surface is velocity weakening, os/oV < 0.
The work of Dieterich (1979) and Ruina (1983) has, however, made a case for a more elaborate framework
for the velocity dependence of friction. They show that friction depends not just on sliding velocity, but also
on a state variable which represents fading memory of the history of sliding velocity. Thus s = s(V,h), where h
is a state variable. A common way to write this relation iss ¼ s0 þ ar0 lnðV =V 0Þ þ br0 lnðV 0h=LÞ; ð3Þ
where s0 is the frictional stress at the steady sliding velocity V0, a, b and L are positive constants. Several forms
are in use for the evolution of the state variable with the most common being the Dieterich–Ruina ageing law,dh=dt ¼ 1 V h=L; ð4Þ
and the Ruina–Dieterich slip law,dh=dt ¼ ðV h=LÞ lnðV h=LÞ: ð5Þ
For steady sliding at a velocity V, both evolution laws give the steady-state shear resistance assssðV Þ ¼ s0  r0ðb aÞ lnðV =V 0Þ: ð6Þ
Clearly, a surface is velocity weakening or velocity strengthening as is (b  a) greater or less than zero. Lin-
earizing Eq. (3) in the slip velocity about a steady sliding state at a velocity V0 (keeping normal stress constant
at r0), and eliminating the explicit dependence on the state variable, one gets (Rice, 1983)ds
dt
¼ ar0
V 0
dV
dt
 V 0
L
s s0 þ ðb aÞr0V 0 ðV  V 0Þ
 
: ð7ÞRuina (1983) performed a linear stability analysis and showed that quasi-static slip of a spring-block with such
a rate- and state-dependent friction law is stable, i.e., V! V0, even for velocity weakening surfaces,
(b  a) > 0, as long as the spring is stiﬀer than a critical value given byKcr ¼ r0ðb aÞL : ð8ÞSliding is always stable with a velocity strengthening friction law.
Consider next the problem of quasi-static anti-plane sliding of identical isotropic, elastic continua (Rice and
Ruina, 1983). Deﬁne a coordinate system such that the interface is located at x2 = 0, the x1 coordinate lies
along the interface and slip occurs in the x3 direction. Let u3(x1,x2, t) denote the displacement ﬁeld. The gov-
erning equation for anti-plane deformation iso2u3
ox21
þ o
2u3
ox22
¼ 0: ð9ÞAs before, we consider a state of steady sliding at velocity V0, shear stress s0 and normal stress r0. A displace-
ment ﬁeld which represents the steady sliding and a perturbation from it isu3ðx1; x2; tÞ ¼ 1
2
V 0t sgnðx2Þ þ 1
2
Dðk; tÞeikx1 ejkjx2 sgnðx2Þ; ð10Þwhere the ﬁrst term denotes the steady sliding and the second term, the perturbation, satisﬁes the governing
Laplace equation. The slip due to the above displacement ﬁeld isdðx1; tÞ ¼ V 0t þ Dðk; tÞeikx1 ; ð11Þ
and the relation for the shear stress perturbation s  s0 = Gou3/ox2, where G is the shear modulus, gives
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2
Dðk; tÞeikx1 : ð12ÞFrom Eqs. (1), (2), (11) and (12) we see that jkjG/2 acts as the stiﬀness of a continuum in anti-plane sliding. It
follows from Eq. (8) that the critical wavenumber for stability in anti-plane sliding of identical isotropic solids isjkjcr ¼
2ðb aÞr0
GL
: ð13ÞHigher wavenumbers (i.e., shorter wavelengths) are stable and smaller wavenumbers (i.e., longer wavelengths)
are unstable. All wavenumbers are stable if the friction law is velocity strengthening. For quasi-static, in-plane
sliding of identical isotropic solids under plane strain, the corresponding result can be shown to bejkjcr ¼
2ð1 mÞðb aÞr0
GL
; ð14Þwhere m is the Poisson ratio.
The in-plane sliding of dissimilar isotropic elastic solids has an inherently destabilizing feature. Due to
material dissimilarity, slip on the interface couples with normal stress changes. This has recently been shown
to be the source of much richness of phenomena when elastodynamic eﬀects are included. Renardy (1992),
Adams (1995), Martins and Simo˜es (1995), Simo˜es and Martins (1998) and Ranjith and Rice (2001) have
shown that the steady sliding problem with a Coulomb friction law, s = fr, where f is a constant friction coef-
ﬁcient and r is the compressive normal stress, is ill-posed due to a short-wavelength instability. The corre-
sponding quasi-static problem of slip at an interface between dissimilar isotropic solids has been studied by
Rice et al. (2001) who showed that, corresponding to a slip perturbation of the form Eq. (11), the perturbation
in shear and normal stress are given, respectively bys s0 ¼  jkjM
2
Dðk; tÞeikx1
r r0 ¼ ikMb
2
Dðk; tÞeikx1 ð15Þwhere M > 0 is an elastic constant and b is a Dundurs parameter. Since slip on a dissimilar material interface
induces a normal stress change, the dependence of friction on variable normal stress needs to be taken into ac-
count. Experiments are currently inconclusive on the nature of the dependence on varying normal stress. Linker
and Dieterich (1992) showed that at low sliding speeds of the order of 1 lm/s on rocks, in response to a sudden
change Dr in the normal stress, there is an instantaneous change (f  a)Dr in the shear stress and a gradual evo-
lution occurs till a shear stress change fDr is accommodated. However, the high speed experiments of Prakash
andClifton (1992) and Prakash (1998) with sliding speeds of the order of 1 m/s on cutting tool steels showed that
there is no abrupt change in shear stress in response to a sudden normal stress perturbation; thus f = a based on
their experiments. For the purpose of the current work, we assume a general linear form for the normal stress
dependence at constant slip rate as suggested by the Linker–Dieterich experiments, given byds
dt
¼ ðf  aÞ dr
dt
 V 0
L
½s s0  f ðr r0Þ; ð16Þwhere V0 is the constant slip rate. Combining the response to variable normal stress in the above equation with
that in Eq. (7) for the response to variable slip rates, one gets the linear constitutive form of Rice et al. (2001)ds
dt
¼ ar0
V 0
dV
dt
þ ðf  aÞ dr
dt
 V 0
L
s s0  f ðr r0Þ  ða bÞr0V 0 ðV  V 0Þ
 
: ð17ÞUsing the above friction law, Rice et al. (2001) derived an expression for the critical wavenumber jkjcr for sta-
ble sliding at an isotropic bi-material interface. An interesting feature of their result is that steady sliding can
be unstable even with a velocity strengthening friction law due to the destabilizing eﬀect of the slip-normal
stress coupling.
In this paper, we study the problem of stability to perturbations from steady sliding at an anisotropic/iso-
tropic material interface. The study is largely motivated by problems in cell and animal motility where
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plane sliding of an orthotropic solid against an isotropic solid is analyzed. In-plane sliding of an anisotropic
solid against an isotropic solid under plane stress is studied in Section 3. The results are specialized to the case
of orthotropic materials. Section 4 summarizes the results.2. Anti-plane sliding at an orthotropic/isotropic interface
Consider the anti-plane frictional sliding of an orthotropic half-space against an isotropic half-space along
their planar interface. We study the quasi-static stability to perturbations from a state of steady sliding at
velocity V0 when a rate- and state-dependent friction law is operative at the interface. The remotely applied
shear stress, s0 and normal stress, r0 satisfy the friction threshold s0 = fr0, where f is the friction coeﬃcient.
For anti-plane deformation of the orthotropic half-space, the displacement ﬁeld is given byu1 ¼ u2 ¼ 0;
u3 ¼ u3ðx1; x2; tÞ:
ð18ÞThe stress–strain relations are given byr31 ¼ C55 ou3ox1 ;
r32 ¼ C44 ou3ox2 ;
ð19Þwhere C44 and C55 are (unequal) elastic stiﬀnesses. The other components of the stress tensor are identically
zero. The only non-trivial equilibrium equation for quasi-static anti-plane deformation isor31
ox1
þ or32
ox2
¼ 0: ð20ÞSubstituting the stress–strain relations, Eq. (19) into the equilibrium equation, Eq. (20), one gets the equation
of motionC55
o2u3
ox21
þ C44 o
2u3
ox22
¼ 0: ð21ÞNext, we derive the elastic relation between the traction component of stress,sðx1; tÞ ¼ r32ðx1; x2 ¼ 0; tÞ; ð22Þ
on the plane x2 = 0 and the slip displacement discontinuity on that plane,dðx1; tÞ ¼ u3ðx1; x2 ¼ 0þ; tÞ  u3ðx1; x2 ¼ 0; tÞ; ð23Þ
when the traction and slip are of the formsðx1; tÞ ¼ s0 þ T ðk; pÞ expðikx1 þ ptÞ;
dðx1; tÞ ¼ V 0t þ Dðk; pÞ expðikx1 þ ptÞ;
ð24Þi.e., they are perturbations in a single Fourier mode from a state of steady sliding. We do this by studying the
response to a displacement perturbation in the upper half-space of the formu3ðx1; x2 ¼ 0þ; tÞ ¼ V 0t þ Uþðk; pÞ expðikx1 þ ptÞ; ð25Þ
and the response to a displacement perturbation in the lower half-space of the formu3ðx1; x2 ¼ 0; tÞ ¼ Uðk; pÞ expðikx1 þ ptÞ: ð26Þ
To simplify matters, we introduce a new coordinate system ðx01; x02Þ with respect to which the equation of mo-
tion in the upper, anisotropic half-space takes a simpler form. Let
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ﬃﬃﬃﬃﬃﬃﬃ
C55
C44
r
x2: ð27ÞIt is easily seen that the equation of motion with respect to this coordinate system iso2u3
ox021
þ o
2u3
ox022
¼ 0: ð28ÞConsider a perturbation ﬁeld in the orthotropic half-space of the formu3ðx01; x02; tÞ ¼ V 0t þ /ðx02; k; pÞ expðikx01 þ ptÞ; ð29Þ
where the function /ðx02; kÞ is to be chosen so that the displacement ﬁeld satisﬁes the equation of motion, Eq.
(28). Substituting Eq. (29) into Eq. (28), one getsk2/þ o
2/
ox022
¼ 0: ð30ÞThe bounded solution to Eq. (30) in the region x02 P 0 is/ ¼ Uþðk; pÞ expðjkjx02Þ: ð31Þ
The form of the displacement perturbation ﬁeld that satisﬁes the equation of motion is thusu3ðx01; x02; tÞ ¼ V 0t þ Uþðk; pÞ expðjkjx02Þ expðikx01 þ ptÞ: ð32Þ
Switching back to the (x1,x2) coordinate system, Eq. (32) takes the formu3ðx1; x2; tÞ ¼ V 0t þ Uþðk; pÞ expðjkj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C55=C44
p
x2Þ expðikx1 þ ptÞ: ð33ÞThe corresponding shear stress perturbation, s  s0 = C44ou3/ox2 gives
s s0 ¼ jkjC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C55=C44
p
Uþðk; pÞ expðjkj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C55=C44
p
x2Þ expðikx1 þ ptÞ: ð34ÞOn the plane x2 = 0
+, Eqs. (33) and (34) reduce, respectively, tou3ðx1; x2 ¼ 0þ; tÞ ¼ V 0t þ Uþðk; pÞ expðikx1 þ ptÞ and
sðx1; x2 ¼ 0; tÞ ¼ s0 þ T ðk; pÞ expðikx1 þ ptÞ;
ð35ÞwhereT ðk; pÞ ¼ jkjC44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C55=C44
p
Uþðk; pÞ: ð36ÞSimilarly, by considering a perturbation ﬁeld of the form Eq. (26) in the lower half space, one can show that
the perturbation in traction and displacement are related byT ðk; pÞ ¼ jkjGUðk; pÞ; ð37Þ
where G is the shear modulus of the isotropic half-space. From Eqs. (36) and (37), we can writeDðk; pÞ ¼ Uþðk; pÞ  Uðk; pÞ ¼  1jkj
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C55C44
p þ 1
G
 
T ðk; pÞ ð38Þwhich is the desired relation between the slip and stress perturbation.
We now study the stability to perturbations when friction is operative at the interface between the sliding
solids assuming the rate- and state-dependent friction law described in Eq. (7).
Substituting the assumed forms, Eq. (24), for the shear stress and the slip velocity in Eq. (7), we getar0
V 0
p2 þ r0ða bÞ
L
þ jkjGð1þ G= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC55C44p Þ
 
p þ V 0
L
jkjG
ð1þ G= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC55C44p Þ ¼ 0: ð39ÞThe roots of the above equation occur in complex conjugate pairs. We look for a Hopf bifurcation by setting
p = ±ig in the above equation. Setting the real and imaginary parts separately to zero, we get the wavenumber
at the Hopf bifurcation as
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r0ðb aÞ
L
ð1þ G= ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC55C44p Þ
G
ð40Þand the value of p at the bifurcation asp ¼ i V 0
L
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b a
a
r
: ð41ÞWhen either C55 or C44! 0, jkjcr! +1 indicating that the slip response of all wavelengths is unstable with a
velocity weakening friction law, i.e., b  a > 0.
3. In-plane sliding at an anisotropic/isotropic interface
For a dislocation with Burger’s vector b at an interface between dissimilar anisotropic elastic materials, the
traction t on the interface is given by the equation (see e.g., Ting (1996), Chapter 11)t ¼ 1
px1
Lbþ dðx1ÞWb ð42Þwhere x1 is the coordinate along the interface, d(x1) is the Dirac delta function andLþ iW ¼ ðB1 þ B2Þ1: ð43Þ
B1 and B2 are the inverses of the surface impedance tensors of the two materials. It can be shown that L is
symmetric and positive-deﬁnite while W is skew-symmetric.
Now consider the two solids slipping past each other with no opening at the interface. A pure sliding state
can be constructed by a distribution of glide dislocations with b1 = b1(x1, t) and no climb dislocations, b2 = 0.
Let the remote tractions be t0 =(s0 r0)T and the slip be denoted bydðx1; tÞ ¼ u1ðx1; x2 ¼ 0þ; tÞ  u1ðx1; x2 ¼ 0; tÞ: ð44Þ
Then, from Eq. (42), it follows thats ¼ s0 þ 1p
Z þ1
1
L11
b1ðn; tÞ
x1  n dn;
r ¼ r0  1p
Z þ1
1
L21
b1ðn; tÞ
x1  n  W 21b1ðx1; tÞ:
ð45ÞSetting b1ðx1; tÞ ¼  odðx1;tÞox1 in the above equations ¼ s0  1p
Z þ1
1
L11
odðn; tÞ=on
x1  n dn;
r ¼ r0 þ 1p
Z þ1
1
L21
odðn; tÞ=on
x1  n dnþ W 21odðx1; tÞ=ox1:
ð46ÞAs before, consider a slip perturbation of the formdðx1; tÞ ¼ V 0t þ Dðk; pÞ expðikx1 þ ptÞ: ð47Þ
Observing that
Rþ1
1
expðiknÞ
x1n dn ¼ ip expðikx1Þ sgnðkÞ, one gets from Eq. (46),s ¼ s0  jkjL11D expðikx1 þ ptÞ;
r ¼ r0 þ ðjkjL21 þ ikW 21ÞD expðikx1 þ ptÞ:
ð48ÞUsing a general friction law Eq. (17), one gets the equation for stability asar0
V 0
p2 þ ða bÞro
L
þ jkjL11 þ ðjkjL21 þ ikW 21Þðf  aÞ
 
p þ V o
L
½jkjL11 þ ðjkjL21 þ ikW 21Þf  ¼ 0: ð49ÞWe look for a Hopf bifurcation by setting p = ig in the above equation. Setting the real and imaginary parts
separately to zero, we get
Fig. 1.
princip
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V 0
g2  kW 21ðf  aÞgþ V 0L ðjkjL11 þ jkjL21f Þ ¼ 0
ða bÞr0
L
þ jkjL11 þ jkjL21ðf  aÞ
 
gþ V 0
L
kW 21f ¼ 0
ð50ÞEliminating g between the two equations, one gets a quadratic equation for jkj whose largest root is the one of
interest to us. It is given byjkjcr ¼
r0
L
ðb aÞðL11 þ fL21ÞðL11 þ ðf  aÞL21Þ þ ðfW 221=2Þðfaþ ðf  aÞðb aÞÞ

þ f jW 21j
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðb aÞðL11 þ fL21ÞðL11 þ ðf  aÞL21Þ þ ðW 221=4Þðfaþ ðf  aÞðb aÞÞ2
q


½ðL11 þ ðf  aÞL21ÞððL11 þ fL21ÞðL11 þ ðf  aÞL21Þ þ f ðf  aÞW 221Þ
ð51ÞSubstituting this back in (50) one can ﬁnd the value of p at the Hopf bifurcation asp ¼ i sgnðkW 21Þ V 0L ½ðjW 21j=2Þðfaþ ðf  aÞðb aÞÞ
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aðb aÞðL11 þ fL21ÞðL11 þ ðf  aÞL21Þ þ ðW 221=4Þðfaþ ðf  aÞðb aÞÞ2
q


½aðL11 þ ðf  aÞL21Þ
ð52Þ
We now specialize the results to the case of an orthotropic solid sliding against an isotropic solid under plane
stress with a principal orthotropic axis at an angle h to the interface (see Fig. 1). An orthotropic solid with
coordinate axes x1  x2 aligned with the principal directions has 4 elastic compliances s11, s22, s12 and s66.
The inverse of the surface impedance tensor for an orthotropic solid is given by Suo (1990) asB1 ¼
2nk1=4ðs11s22Þ1=2 i ðs11s22Þ1=2 þ s12
	 

i ðs11s22Þ1=2 þ s12
	 

2nk1=4ðs11s22Þ1=2
2
64
3
75 ð53Þwhere   
 
 
x2
*
 
 
x1
*
 
  
 x2 
V 
x1
θ
Schematic ﬁgure of an orthotropic solid sliding against an isotropic solid under remotely applied shear and normal stresses. One
al axis of the orthotropic solid is at an angle h to the interface.
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The requirement of a positive deﬁnite strain energy density function necessitates that k > 0 and q > 1.
Transforming from the x1  x2 coordinates to the x1  x2 coordinates,
B1 ¼ XTB1X ð55ÞwhereX ¼ cos h sin h sin h cos h
 
: ð56ÞWriting the components of B1 asB1 ¼
b11 b12
b21 b22
 
;it follows from Eq. (55) thatb11 ¼2nk1=4ðs11s22Þ1=2 cos2 hþ 2nk1=4ðs11s22Þ1=2 sin2 h;
b12 ¼ 2nk1=4ðs11s22Þ1=2  2nk1=4ðs11s22Þ1=2
	 

sin 2h=2þ i ðs11 þ s22Þ1=2 þ s12
	 

;
b21 ¼ 2nk1=4ðs11s22Þ1=2  2nk1=4ðs11s22Þ1=2
	 

sin 2h=2 i ðs11 þ s22Þ1=2 þ s12
	 

; and
b22 ¼2nk1=4ðs11s22Þ1=2 sin2 hþ 2nk1=4ðs11s22Þ1=2 cos2 h:
Assuming the body comprising the lower half space is isotropic, B2 is given byB2 ¼
2=E ið1 mÞ=E
ið1 mÞ=E 2=E
 
; ð57Þwhere E is the Young’s modulus and m is the Poisson ratio of the isotropic solid. Therefore,B1 þ B2 ¼
b11 þ 2=E b12  ið1 mÞ=E
b21 þ ið1 mÞ=E b22 þ 2=E
 andðB1 þ B2Þ1 ¼ 1D
b22 þ 2=E b12 þ ið1 mÞ=E
b21  ið1 mÞ=E b11 þ 2=E
 
;where D is the determinant of B1 þ B2. Recalling from Eq. (43) that L is the real part of ðB1 þ B2Þ1 and W is
the imaginary part,L11 ¼ 2E þ 2nk
1=4ðs11s22Þ1=2 sin2 hþ 2nk1=4ðs11s22Þ1=2 cos2 h
 
D;
L21 ¼  2nk1=4ðs11s22Þ1=2  2nk1=4ðs11s22Þ1=2
	 

sin 2h=2D;
W 21 ¼ ðs12 þ ðs11s22Þ1=2Þ  ð1 mÞ=E
	 
.
D:
ð58ÞFor many biological materials, one principal compliance can be several orders of magnitude larger than that
of the other and hence the limit s22!1, i.e., k! 0, q! 0, is of interest. In that case, it can be shown from
Eq. (51) thatjkjcr ¼
ðb aÞr0
ðL11 þ L21ðf  aÞÞL ¼
s3=411 s
1=4
22 ðb aÞr0ﬃﬃﬃ
2
p ðcos2 hþ sin h cos hðf  aÞÞL : ð59ÞThe denominator attains a maximum when tan2h = f  a. In the limit s22!1, jkjcr! +1 for a velocity
weakening surface, b  a > 0, as long as h < p/2 or h > arctan(1/(f  a)). Thus, for these values of h, all
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(f  a)), jkjcr!1 indicating that all wavelengths are stable.
Numerical results of the variation of jkjcr with the principal orthotropy axis angle h are shown for a = 0.01,
b = 0.02, f = 0.6, a = 0.4, r0s12 = 0.1, r0s66 = 0.1 in Figs. 2–5. Figs. 2–4 correspond to a rigid substrate,
E =1, and Fig. 5 corresponds to an elastic substrate with E/ro = 100 and m = 0.3. Since b  a = 0.01 > 0,
the friction law is velocity weakening. The ﬁgures show the dependence of jkjcr on k and q. It is found that
for k = 0.01, 1, and 10 and q = 0.01, 1, and 10 sliding with the velocity weakening law is unstable to a generic
perturbation, but stable for perturbations with wavenumber greater than jkjcr  ð0:01 to 0:1Þs3=411 s1=422 r0=L.
However, in the limit k! 0, there is a range of values of h for which the expression for jkjcr becomes complex
or negative, indicating that sliding is stable for those values of h, despite the presence of a velocity weakening
friction law. For the values of q studied here, that range of h is well approximated by p/2 < h < arctan(1/
(f  a)) obtained from Eq. (59) (with f = 0.6 and a = 0.4, arctan(1/(f  a)) = 101.31). The eﬀect of a veloc-
ity strengthening friction law is studied in Fig. 6. Eq. (59) yields a positive real number when b  a < 0 and p/
2 < h < arctan(1/(f  a)), suggesting that in the limit k! 0, q! 0, sliding is unstable for those values of h.
That is supported by the numerical results in Fig. 6 where b  a is taken to be 0.01 and values of k = 10, 1
and 0.01 are studied when q is kept ﬁxed at 0.01. For k = 10 and 1, the expression for jkjcr is complex or neg-
ative for all values of h indicating that sliding is stable to a generic perturbation. For k = 0.01, there is a range
of values of h where there is instability. Once again, in the limit k! 0, that range is well-approximated by p/
2 < h < arctan(1/(f  a)) for values of q upto 10.Fig. 2. Normalized jkjcr as a function of h for a velocity weakening friction law with a = 0.01, b = 0.02, f = 0.6, a = 0.4, r0s12 = 0.1,
r0s66 = 0.1, q = 0.01, E =1. The curve marked k = 0 corresponds to the limiting solution when s22!1, i.e., k! 0, q! 0 and is given
by Eq. (59).
Fig. 3. Normalized jkjcr as a function of h for a velocity weakening friction law with a = 0.01, b = 0.02, f = 0.6, a = 0.4, r0s12 = 0.1,
r0s66 = 0.1, q = 1, E =1. The curve marked k = 0 corresponds to the limiting solution when s22!1, i.e., k! 0, q! 0 and is given by
Eq. (59).
Fig. 4. Normalized jkjcr as a function of h for a velocity weakening friction law with a = 0.01, b = 0.02, f = 0.6, a = 0.4, r0s12 = 0.1,
r0s66 = 0.1, q = 10, E =1. The curve marked k = 0 corresponds to the limiting solution when s22!1, i.e., k! 0, q! 0 and is given by
Eq. (59).
Fig. 5. Eﬀect of substrate elasticity on normalized jkjcr for a velocity weakening friction law with a = 0.01, b = 0.02, f = 0.6, a = 0.4,
r0s12 = 0.1, r0s66 = 0.1, q = 1, E = 100r0, m = 0.3. The curve marked k = 0 corresponds to the limiting solution when s22!1, i.e., k! 0,
q! 0 and is given by Eq. (59).
Fig. 6. Normalized jkjcr as a function of h for a velocity strengthening friction law with a = 0.02, b = 0.01, f = 0.6, a = 0.4, r0s12 = 0.1,
r0s66 = 0.1, q = 0.01, E =1. The curve marked k = 0 corresponds to the limiting solution when s22!1, i.e., k! 0, q! 0 and is given
by Eq. (59).
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The stability of frictional sliding at an anisotropic/isotropic interface has been studied. Friction is assumed
to follow a rate and state dependent law and the dynamic response to varying normal stress is considered. Sta-
bility results for both anti-plane sliding and in-plane sliding are obtained. An analytical result for jkjcr, the
critical wavenumber for stable in-plane sliding, is derived and specialized to the case when the orthotropy
parameters k! 0, q! 0. A surprising feature of the results is that in the limit k! 0, q! 0, there exists a
range of orientations of the orthotropy axis p/2 < h < arctan(1/(f  a)) for which sliding is stable to a generic
perturbation even with a velocity weakening friction law. Conversely, for the same range of orientations, slid-
ing becomes unstable with a velocity strengthening friction law. A numerical study of the dependence of jkjcr
on k, q and orientation h conﬁrms the analytical results on the limiting behavior of jkjcr with respect to k and
q.
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